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Abstract 


We compute the number of solutions of the equation Trr,/,( f(x) + v.x) = b in F?V, where 
f denote a quadratic hermitian form on F2, ve FN and bEeF,, and we deduce the number 
of hermitian matrices of order N and rank p. This number is well-known since the paper of 
Carlitz and Hodges (Duke Math. J. 22 (1995) 393), but with a more restrictive definition of 
hermitian matrices and with a rather different proof. Next, we introduce a linear code T'(N,f,s) on 
F, constructed with the same method as Reed—Muller one, and compute its weight distribution. 
T(N,t,s) is a generalization of the two codes 1° and C studied in Mercier (J. Pure Appl. Algebra 
173 (3) (2003) 273) and the method for obtaining its weight distribution is new and more 
straightforward. Tools are exponential sums and linear algebra on F;. 
© 2004 Elsevier B.V. All rights reserved. 


MSC: Primary 11T71; secondary 94B60; 11E04 


1. Introduction 


Let F, be the finite field with { elements and characteristic p. Let x denote an 
element in F2 such that F2 —F,(x). Then each element x of F2 is uniquely written as 
x=a+ba with (a,b)€F?, and we say that * = x! — a + ba is the conjugate of x. We 
say that a matrix À = (a;;);; with entries a;; in F2 is hermitian if it satisfies 4; — a;; 
for all i, j. Hermitian matrices with entries in F>, quadratic hermitian forms on F2 
and the properties that we shall need are stated in Section 2. 
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Let f denote a quadratic hermitian form on PV, and ve F?. Let ÿ denote a non- 
trivial additive character on F,. The value of the exponential sum S(f,v) — D xer?" 
Y(f (x) + v.x) is well-known (see [4, Proposition 2] or [10, Theorem 1]), and allow 
us to deduce the number of solutions of the equation Trç,/r,( f(x) + v.x) = b in F2" 
(Theorem 6). This last result was only known when b = 0 [4, Proposition 4] or v = 0 
[6, Proposition 3]. Then it follows easily that f(x) in F,[x1,...,x2n] is a «-polynomial 
in Ffx1,...,x2N] with the terminology of [11], and that the number M(b) of solutions 


x=(x1,...,xv) in FY of the equation xt! +... + xl = b is 


PU CPC DNS TE =, 
M(b)= 


PT CENT else. 


The two last sections give two applications of Theorem 6. 

In Section 4, we compute the number of unitary matrices and deduce the number 
HN, p)| of hermitian matrices of order N and rank p for our involutory automorphism 
X= x". This number was already computed by Carlitz and Hodges in [3], using results 
about the number of solutions of quadratic diagonal equations like 37", (4? —vB?)=1, 
but with a more restrictive definition of hermitian matrices using 4 € F2 with #2=veF, 
but « G F,, and introducing the involutory automorphism x + * defined by * = a — ba 
as soon as x — a + ba and (a,b)E F?. 

In fact, the definition of Carlitz and Hodges with x — a — bx is only a special case 
of our definition with X = a + ba!, as it is easily seen that «2 €F, and à & F, imply 
a — —x (indeed, à2! = &? gives a 41) =] thus 7! = —1 as we know that &—! —1 
is impossible), and that we can find 4€ F2 \ F, such that F2 = F;(x) and à! Æ —a 
(otherwise the polynomial x! + x of degree : would have # — { distinct roots). 

The two important points to note here are that we work with the conjugate X—=a+ba, 
and only use the number M(b) of solutions of the equation Trr,/r (f(x)) = b provided 
by Theorem 6 (without the help of well-known theorems about the number of solutions 
of diagonal equations, for instance in [7, Chapter 6]). Therefore we give an alternate 
proof for computing |Æ(N, p)|. 

Last section is devoted to the study of a linear code T'(N,t,s) on F, defined by 
the codewords (Trr,r, (f(x) + v.x) + a),epxx. Theorem 6 enables us to compute its 
parameters and its weight distribution. The code l'(N,f,s) is a generalization of the 
hermitian form trace code l'} defined by the words (Trç,/r,( f(x) + v.x)).erx and first 
introduced in [4]. It is also a generalization of some codes introduced in [5] or [10], but 
the method for obtaining the weight distribution of l'(N,£,s) and its subcodes seems 
to be more easier and systematic here. 


2. Notations and preliminaries 


Let us recall some definitions from [1,6]. Let N be an integer > 1 and let Æ be 
the vector space FŸ. A sesquilinear form on E = FX is a function H:F5 x FŸ — Fe 
semi-linear in the first variable and linear in the second variable. H is called hermitian 
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if H(x, y) = H(y,x)' for all vectors x, y. À sesquilinear hermitian form is called a 
hermitian form, and the vector space of hermitian forms on F} is denoted by H( EX 


A square matrix A=(ai;);,; (j=1,...,N) with entries in F2 is hermitian if A*=A, 
where 4* denotes the matrix !(4) :— (én ; ), ; With bi; —d; ; (the transpose of the conjugate 
of 4). Ife—(e,,...,en) is a basis of Æ, and if A is à sesquilinear form on Æ, M :— 


(H(e;,e;));; is a matrix that satisfies H(x, y) = X*MY where X :— ES and 
Y := T(y1,...,yv) denote the coordinates of x and y in e. We say that M is the 
matrix of H in e, and write M = Mat(H;e). It is a simple matter to check that A is 
hermitian if and only if Mat(H;e) is hermitian, and that dimr, À (re = N*. 

IfxeE and if À is a hermitian form, the map H(x,.):E — Fr;y + H(x, y) is 
linear and allows us to introduce the semi-linear map 


H:E—E", 
x H(x,.), 


where E* is the dual of E. In fact, À becomes linear for the extern law e defined by 
Lel=Z.. With this extern law, the matrix of H in the basis e in E and the dual basis 
e* in E* satisfies Mat(A; e, e* )=Mat(H;e). We say that the kernel Ker H (resp. rank 
k H)) of H is the kernel (resp. rank) of H. Thus rk 4 —rk(Mat(H;e)). 
Orthogonality with respect to Æ is defined in a usual way, and we have: 


Theorem 1 (Bose and Chakravarti [1, Theorem 4.1, p. 1165], Existence of H-ortho- 
gonal basis). 1f t is odd and if H is a hermitian form on E = FX, then we can find a 
H-orthogonal basis e —(e1,...,en), and assume H(e;,e;)—0 or 1 for all i Moreover 
the number r of nonzero entries in the diagonal of Mat(H;e) is an invariant that 
depends only on H. 


The number r in the previous Theorem is the rank of H. À hermitian form H is 
nondegenerate if Et = {0}, and this means that J is an isomorphism from £ to E*, 
or that Mat(H;e) is nonsingular. If H is nondegenerate, then dim F + dimF+=n and 
F=(F+)+ for all subspaces F, but we have no reason to say that the sum E=F+F+ 
is direct. As usual, we say that a subspace F of E is isotropic if FN F+ 4 {0}, and 
that a vector x is isotropic if H(x,x) = 0. Next Theorem is well-known: 


Theorem 2 (Mercier [9], Theorem 7). The following conditions are equivalent: 


(Gi) The restriction H}rxr of H to F is nondegenerate, 
(ii) F'is nonisotropic, 
(ii) E=FOF+. 


If H denotes a hermitian form, the map g:E — F, defined by g(x)=H(x, x) is called 
the quadratic hermitian form on E associated to H. Let QH(FŸ ) be the space of all 
quadratic hermitian form on Æ£. We have A( Er ) = QK( FE >), thus dimr, QH(FY )=N": 
IfgEe QH(FY ), the unique hermitian form 4 ‘satisfying P(H )= q is called the polar 
form of q. By definition the kernel and the rank of g will be those of the associated 
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polar form 4. If M—(a;;) denotes the matrix of Æ in a basis of E, then g(x)—H{(x,x)— 


D, ajxix; for all xeE. In a H-orthogonal basis we only get g(x) =»; ; ae 


From now on, £ is odd, H : FŸ XFŸ — Fa is a sesquilinear form, and à € F; satisfies 
F2 = F(x). The map 2: — FŸ defined by 


UX1,2.,Xon) = (ti + 0X2,...,X2N 1 + An) 
is an F,-vector space isomorphism. We say that the map 
ENS E, 
x H(ix, x). 


is the quadratic hermitian form f on F?" associated with H. Let QH(F?") denote the 
space of quadratic hermitian forms on F2. One can check that the map 


QH(FY) — QH(F") 
qe f, 


where f(x) = H(1x,ix) when g(x) = H(x,x), is an isomorphism between F;-vector 
spaces, and deduce dimy, QH(F2") = N2. We refer to [10] for the two next results: 


Theorem 3 (Cherdieu [4, Theorem 1] or Mercier [10, Proposition 1]). Suppose t odd. 


The quadratic hermitian form f on PV associated with H is a F,-quadratic form 
associated with the bilinear form :B, where 


B:FN XFN, 
Gy)e f@+ y) 0) — FO). 
We have B(x, y) = H(ix,1y) + H(ax,1yY = Tree (H(x,1y)). 
We shall say that B is also a bilinear form associated with f. 
Remark. If { — 2° the map B defined in Theorem 3 can never be the bilinear form 
associated with f because B(x,x) = f(2x) — 2 f(x) = 0 (for more details we refer the 
reader to [6]). 


The kernel of B is Ker B—{xeF"/ Vye F B(x, y) — 0}, and the orthogonal of 
Ker B for the usual inner product in F2" is 


(KerB)! = {xeP"/ VyeKerB x.y =x1.y1 +:::+x2n. pan = 0}. 


Theorem 4 (Mercier [10, Proposition 2]). (1) We have \Ker B) = Ker H. Thus v in- 
duces a F,-isomorphism from Ker B onto Ker H and rkf =rkB=2 rkH. 
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(2) There is an endomorphism T of F2 such that B(x, y) = T(x).y for all (x, y)€ 
FN x FN. We have Ker T —KerB, ImT =(KerB)+ and KerT C f-!(0). 


3. A trace equation 


Following Cherdieu [4], we define the exponential sum associated to f and ve FN 
by 


SP,v)= VW) + vx), 


xeFP" 


where ÿ denotes the additive character on F, defined by ÿ(x)—exp((i2z/p)Trr,/r,(x)). 
We recall the main result of Cherdieu ([4, Theorem 2 and Proposition 3i] or [10, 
Theorem 1]): 


Theorem 5. Let ve F2" and let f denote a quadratic hermitian form of rank 2p in 
FN. Consider the extensions F CRC CF and let aeF. 


(1) fve(KerB)+ =ImT, we can find u EF?" such that v = T(u). Then 
S(af,v) = (IE Ya fu). 
(2) If v£#(KerB)* then S(af,v) = 0. 


An improvement of both Proposition 4 in [4], Proposition 3 in [6] and Theorems 2 
and 3 in [10] is given by next theorem. 


Theorem 6. Let ve F2" and bEF,. Let p denote a positive integer such that 1 < p 
< N, and f denote a quadratic hermitian form of rank 29 on F2". The number M 
of solutions of the equation Trr,, (f(x) + v.x) = b in FN is 


1 
EN +(—1)A(s, v)2N—r) if ve(KerB)+ =ImT7, 
s 


Me PN 
— else, 
S 
where 
S—1 ff Tr, (f(u)) = —-b, 
A(s,v) = 
—] else, 


and where u € F?V satisfies v — T(u). 


Proof. Let b = Trç,r,(b°) where b'EF;. The map W'(x) = exp((i2x/p)Trr,/r,(x)) is a 
nontrivial additive character on F,, and we have (see remark below Theorem 5.5 in 


[8]): 
SM= SUD WCTree (f(x) + vx — b')). 


cEFs xeFN\ 


256 D.-J. 


It is easily seen 


sM=Yÿ 
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that W(cTrr,r,(z)) = Y(ez), hence 


S_ YCfG)+0x—b!)) 


ceF, xEFN 


= NE NU y) N YCf(x) + cv.x). 


IfcZ0, then 


ceF* xEFN 


S_YGCf@)+cv.x)= V2 Ye! f(ex) + v(ex)) = Sc! f,v) 


xe FN 


thus 


xEeF\ 


SM = PV + NU Y(-ch')S(c 0). 


ceF* 


Theorem 5 shows that sM = #2" when v & Im T. If v— T(u)€ Im T, Theorem 5 yields 
SCC f,0)=(—1DPP"-PY(—cf(u)), thus 


sM = P\ - 


CPP PS YF (u) — b')) 


ceF* 


_ PN 


+ LPS Were, (—f(u) — b')). 


ceF* 


Since the elements of the set of additive characters on F, are the maps z ++ W'(cz) 
where cEF,, the theorem will follow from the above formula and the orthogonality 


relation. [] 


Remark. The co 
choice of # such 
get w:=u-u € 
and f(w)= }B( 


nstant À(s,v) in Theorem 6 is well defined and does not depend on the 
that u— T(u). Indeed, if Trr,yr,(f(u)) = —b and v=T(u)=T(u'), we 
KerT. Then B(w,u')=f{u)— f(w)— f{u!), with B(w,u')=T(w).u'=0 
w,w)= À T(w)w=0, whence f(u) = f(u!) and Trr,e,(f(u)) = —b. 


Following [2,11] we say that a polynomial f in F;[x1,...,xn] is a K-polynomial if 
the number of solutions of f(x) = b in F” is À + «(b)B, where À and B are integers 


and 


—1 if b=0, 


t 
b}= 
Un Le else. 


Every map from 


FN to F, is polynomial, and, from Theorem 6, the equation f(x) —b 


has only two kinds of numbers of solutions whether b = 0 or not. Hence: 


Corollary 7. f(x) is a Kk-polynomial in F;[x1,...,x2 1]. 
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Ifx=(x,,...,xN)€ FÈ and x; —=u; + av; With (u;,v;)E F2, we have x —7z if we write 
z=(u,vi1,...,un,un) € F2. Then 


P 


P 
f@)=ate)= D Gta y = SC 


i=1 i=1 


in a H-orthogonal basis of FE (1). With v = 0 and s —#, Theorem 6 gives: 


Corollary 8. Let bEF,. The number M(b) of solutions x = (x1,...,xx) in FY of the 
diagonal equation xt +... +xhl =D is 
2N—1 ) 2N-p-1 ; 
t + (IP DEP if b=0, 
M(b) = { 


PE PEN else. 


4. Number of hermitian matrices of order N and rank p 


Let GL(N, F2) denote the set of nonsingular matrices of order N with entries in Fa, 
and Æ(N, p) denote the set of hermitian matrices of order N and rank p, with entries 
in F2. We know that M € H(N, p) if and only if M* = M and M is equivalent to the 
diagonal matrix D, := Diag(1,...,1,0,...,0) with p digits 1. This last assertion means 
that there exists a matrix P in GL(N, F2) such that M — P*D,P. 

The map 


#: GL(N,F2)— H(N,p), 
Pr P*D,P 
is onto, and 
Y(P)= Y(Q)& D, =(OP7') D,(QP 7") & QPT' E D(N,p), 


where D(N, p) := {X E GL(N,F2)/X*D,X =D, }. Therefore, if |V| denotes the cardinal 
of , 
IGL(N, Fa )| 


HN EEE, 
IN, p)| [D(N,p) 


(1) 
The number |GL(N, F2)| is well known, and we only have to compute [D(N, p)|. Let 
A C 
w = 
B D 


denote a square matrix of order N, where À is a square matrix of order p. Let J, 
denote the unit matrix of order p. Since 


4er HN 1, ONCE € A4 A 
X*D,X = = : 
CR io) LE à CA Le 
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it follows that 
AA =, 
XD, ,X =D, & 
G=0. 


A matrix À of order p, with entries in F2, and such that 4*4—1,, is said to be unitary, 
and we shall denote by U(p,F2) the set of such unitary matrices. Thus 


U(p, F2) = {4 EGL(p,F2)/A*A = 19} = D(p,p). 


From above, it follows that D(N, p) is the set of all matrices 


A O0 
B D 
with AEU(p,F2), DE GL(N — p,F2), and with no condition on B. Consequently, 


JD(N, p)1 = FPT x IGL(N — p,F2)| x [U(p, Fa). (2) 


Now we need to compute the cardinal [U(p,F2)|. It is easy to check that a square 
matrix À —(a;;) of order p is unitary if and only if the image of an orthonormal basis 
of FF (for the nondegenerated hermitian form (x, y) + (x|y) = x! y1 +. EX Yo) by 
À is again an orthonormal basis. Thus 


+1 1 
dj +'+aÿ =] 


Vi 
AEU(p, Fr) & 
Vi<j ajaj+:::+a;ap =0 


and the number of unitary matrices will be the number of orthonormal basis in F£. 
Let E :— F£. To construct an orthonormal basis in F£, we have only to choose one 
vector u —(x1,...,x,) With “norm” 1, ie. such that (wi[u1) = xt! +... ne Ve = 1, 
and complete #, with any orthonormal basis of the orthogonal space £’—(F2u;)+. As 
u, is nonisotropic, we have E —E’ @(F2u1), and E’ is nonisotropic from Theorem 2. 
Therefore, the same theorem shows that the restriction of the “scalar product” (x| y) to 
E' is nondegenerate, i.e. of rank p — 1. From Theorem 1 it follows that the number 
of orthonormal basis of E’ with respect to the restriction of the “scalar product” (x|y) 
is the same as the number of orthonormal basis of E’ with respect to the “canonical 
scalar product” (x, y) (x|y)=xi pi ++, y, 1, written in an orthonormal basis. 
If v(p) denotes the number of vectors with “norm” 1 in F, we obtain [U(p,F2)| — 
v(p) X [Up — 1,Fa)|, hence [U(p, F2) = v(p) X v(p — 1) X ++: x (1). 
By Corollary 8, 


vp)= {x = G,...,x,) € Fait + at 21} = TIGE (1) 


and so 


p 
UC, F2) = 46708 TT ét - 0). G) 


k=1 
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It is now a simple matter to use the well-known formula 


N-1 
= il Le” _ PF) 
k=0 


together with (1)-(3) to get: 


IGL(N, F2) 


Theorem 9. The number of hermitian matrices of order N and rank p with entries 
in Fa is 
PO BN—Xk-1) __ ] 


H(N, — fp(p— 1/2 Se  * 


Remark. As N? is the dimension of the F,-space H(N) of hermitian matrices of order 
N and entries in F2, we have |H(N)| =" and we can check that > JH(N,p) =". 


5. The code l'(N, f, s) and its weight distribution 


The image l'(N,f,s) (or l' to shorten notation) of the linear map 


y : QHP2N) x FN XF, F7, 


(Ts v,a) > (Tree, (SX) + U.X) + a);er2" 


defines a linear code on F, of length Nr — #\. From now on, M(/f,v,a) denotes the 
number of solutions of the equation Trr,y,( f(x) + v.x) + a = 0 in F2". 


Lemma 10. M(f,v,a) = 1" if and only if (f,v,a) —(0,0,0). 
Proof. M(f,v,a) is provided by Theorem 6 and takes only three values. 
e IfM—(1/s)(2" +(—1}A(s,v)2V—P), then 

M=PN 8 (1) A(S, 0) NP = (5 — 1)PŸ, 


If A(s,v)=s—1 then p=0. If A(s,v)——1, then p must be odd and satisfy 1—(5— 1), 
hence p=0. It follows that p—0 and f —0 in both cases. Finally 7 =0 and veImT 
give v—0, and a — 0. 

e If M=—#"}s, then M = FN if and only if s — 1, which is impossible. 


The Lemma shows that y is one to one, hence the dimension of [° (on F,) is 
Kr = dimr, L = (N? +2N)log, {+ 1. 


The weight w(y(f, v, a)) of the codeword =} f,v, a) is w(y(f,v,a))=2" —M(f,v, a). 
Define a=#2" —#N js, and for p=—0,...,N, let B(p}=12N —(1/s)(P2N +(—1)(s—1)P2N—P) 
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and y(p) = #2" — (1/s)(P2N + (—1ÿ+IPN—P), From Theorem 6 it follows that the set 
Pr of the weights of codewords in Lis Pr = {a} U {B(p}/p —0,...,N}U {y(p)/p = 
0,...,N}.Itis as simple matter to check that &, B(p), y(p) are distinct numbers when 
pE{0,...,N}, to notice that B(0)— 0 is the weight of the null codeword, and to get 
Min(?r \ {0}) = y(1). Therefore: 


Theorem 11. The parameters of T(N,t,s) are 


1 
[Nr,Kr,Dr]= |PN,(N? +2N )log, t + 1,82" — F (ENS). 


From now on, if [€ #r, we denote by E; the set of all codewords € in l° with 
weight w(c) = €. When the rank of f is 20 and when H and T are associated to f, 
we have 


dimr, Ker T = dim, Ker H —2dimr, Ker H —2(N —rkH)=2N —2p 

thus dimr, Im T = 2p. If f € QH(F2"), define 
Ex, = {@a)e FF" x F/w(y(f,v,a)) = &}. 

We have the disjoint union E; — Üreon(r") ({f} x Er). From Theorem 6, it follows 
(v,a)eE, fs & véImT. 


Since [Im T|—##, we deduce |E, | = s(PN — f?) and 


N 
El = sd IA 0) x (PN — PP). 
p=0 


If pE{0,...,N}, then Eg(p),s =0 and E;p),s =Ù as soon as rk(f) # 2p. Let f denote 
a quadratic hermitian form f of rank 2p. We have 
Egp.s = {(,a)E FN x F,/v=T(u)eImT and Trr,r,(f(u)) = a}. 


The map (v,a) + v defines a bijection between Eh), and Im, thus |Eg(p), fl = PP 
and |Eg(p)l = HN, p)| x PP. We next write 


Ey(p), = {(,a)€ FN X F,/0 = T(u)EImT and Trr,r,(f(u)) À a} 


The map T': FN — ImT is linear and onto, thus [7 —!(v)| = |Ker T| = #22 for all v 
in ImT, and 


E PN/Trp,pr, 
Bnfl= Lt / 


a€F, 
Theorem 6 gives 


Lean +(—1ÿ(s— 12) if a=0, 
S 


1 
to be else, 
S 


Hu € PN/Tre,ye, (f(&)) = a}| = 
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hence Ex, sl = (5 — DÉ? and [Exp| = [H(N,p)| x (5 — 1). We obtain: 


Theorem 12. The weight distribution of T is 


Weights: Number of codewords in T: 
N 

e s D (H(Np}\ x (EN — 8) 
p=0 

B(p) (where 0 < p <N) |H(N, p)| x PP 

»(p) Qwhere 0 < p <N) IH(N, p)} x (s — D? 


where |H(N, p)| is given by Theorem 9. 


In fact, Theorem 6 may be handled in much the same way to obtain the weight 
distribution of several linear subcodes of l'(N,f,s). For instance, the hermitian form 
trace code l'} defined by the words (Tr, (f(x)+v.x)),.<pv was first introduced in [4], 
and is a subcode of l'(N,f,s). Another example is given by the code 1’, studied in [5] 
and which codewords are (Trr,r,(f(x))),erv. Next table shows three such subcodes 
of T'(N,t,s). 


Code: Codewords: 

T(N,£s) (Tree, (f(x) + v.x) + a),epn 
Ta = QH(F") x FN x {0}) (Tree, (QG) + v.x)), pv 

C = YQH(F) x {0} x F,) (Tree, (SX) + a),erx 

To = Y(QH(F") x {0} x {0}) (Tree, (Q)) er 


Let #, denotes the set of weights of codewords in D. The same reasoning applies 
to each of these subcodes and lead us to three similar results (notice that y(0) never 
occurs when D = l'y): 


Theorem 13. l'} is a linear code on F, with parameters 
l 
Nr KrusDral= |PN,(N2 + 2N )log, #, 2N — = (PN + 82N1) 
S 


and weight distribution 


Weights: Number of codewords in l'y: 

à > JH(N, p)| x GPN — PP) 

B(p) (where 0 < p<N) LHC, D) x LP + (16 — D) 
Y(p) (where 1 < p £ N) JHGN, p} x EE (EP — (-1Y) 
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Theorem 14. C is a linear code on F, with parameters 
1 
[Nc, Ke, Dc]= |PN,N° log, t + 1, PV — —(PN + PM) 
s 


and weight distribution 


Weights: Number of codewords in C: 
B(p) (where 0 < p <N) CN, p} x (s — 1) 
y(p) (where 0 <p <N) IN, p) 


Theorem 15. lo is a linear code on F, with parameters 


Nr Kro Dre] = |, N2 108, 1, = _— @-1) 
and weight distribution 
Weights: Number of codewords in lo: 
B(p) (where 0 < p<N) |Æ(N, p)| 


Remark. As y(1) < (2), the code l' corrects more errors than the three previous 
codes. 
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